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ABSTRACT
THE KINEMATIC INTERACTION PROBLEM
OF EMBEDDED CIRCULAR FOUNDATIONS
by
JOSEPH PARKER MORPAY, JR.
Submitted to the Department of Civil Engineering on May 9, 1975
in partial fulfillment of the requirements for the degree of
Master of Science in Civil Engineering
The applicability of 1-dimensional wave theory for
the determination of support motion of a circular
embedded foundation is studied. Rules are derived
by means of a series of parametric studies to ac-
count for embedment of the foundation and thick-
ness of the soil stratum.
Using the derived rules, a comparison is made with
a full 3-dimensional finite element model to de-
termine the accuracy and applicability of the rules.
The comparisons are in the form of transfer func-
tions, frequency spectra, time histories of accel-
eration, and response spectra. It is found that
the motions obtained from the derived rules cor-
relate very well with that of the 3-D model, sug-
gesting that it can be a useful tool for design
purposes.
Finally, the effect of varying the soil and struc-
tural properties on the components of support mo-
tion is studied.
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1- Introduction
1.1- General Considerations:
The seismic design of commercial structures is based on the
premise that they be able to survive, without damage, moder-
ately strong ground motions, but that some damage may be to-
lerated in the event of large and relatively infrequent
earthquakes. In the case of nuclear containment structures,
however, the basic requirements are that under the severest
earthquake, the plant must be able to safely shut down with-
out leakage of the radioactive material contained within.
Thus the requirements are considerably more demanding than
had been previously encountered in structural engineering.
To this end much attention has been given recently to the topic
of soil-structure interaction as it relates to the dynam-
ic analysis of nuclear containment structures. Of particular
importance is the effect embedment has on the dynamic response
of the structure. Both experimental evidence and theoretical
considerations have shown that the embedded structure will
respond quite differently from the corresponding structure
resting on the surface, both in terms of the foundation mo-
tion and the stiffness of the soil underlying it.
It will be shown later that the soil-structure interaction
problem can be divided into three steps, which, for a lin-
early elastic solution, can be studied independently and com-
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bined using the principle of superposition. These steps are:
1. Definition of the "support" motion which excites the
structure. This is called the kinematic interaction
problem.
2. Determination of soil stiffness coefficients of the
underlying stratum.
3. The response of the structure given the support mo-
tion from (1) and the stiffness coefficients from
(2). This is referred to as the inertial interaction
problem.
Most of the past research work has been addressed to the last
two steps, while the first has been systematically ignored.
This is partly due to the fact that in a complete solution,
where soil and structure are solved together in a single
step - for instance, in a finite element model - step 1 is
automatically incorporated.
Since the complete solution is generally expensive in terms of
computation time, it is desirable to establish simple rules to
predict the "support" motion (to be defined later), and thus
obtain a substantial saving in the cost of the analysis. This
frees the engineer to study a wider range of soil parameters,
enabling him to make a more reliable prediction of the maxi-
mum structural response.
1.2- Scope of this Work:
The study will address itself to the first of the three steps
of the interaction problem. The results will be evaluated by
comparing with the results obtained from the direct solution.
The comparisons will be in the form of transfer functions,
time histories, and response spectra.
Much controversy currently exists as to the correct criteria
for defining the "control" motion for a seismic analysis.
The "control" motion is the motion that would occur at some
point in the soil in the free field, before any structure had
been built. This controversy stems primarily from a disagree-
ment over the reliability of the models currently used to re-
produce the motion of a soil stratum. In nature, earthquake
stress waves propogate in all directions; thus, any arbitrary
point in the soil will displace in a random three-dimensional
fashion. There are, however, preferred directions of motion
if the site is not immediately adjacent to the epicenter.
This justifies the use of more simplified two-dimensional and
one-dimensional models to study the propogation of earthquake
waves in the immediate neighborhood of a soil site. In addi-
tion, amplification studies using 2-D models show amplifica-
tion patterns very similar to those predicted by the 1-D
model, suggesting that the simpler 1-D model can be used.
The validity of the use of one-dimensional wave propogation
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theory, which expounds that the earthquake motion consists of
vertically propagating stress-waves, will not be discussed
here. While there is still disagreement among the experts,
there exists considerable theoretical and experimental basis
for the use of this theory. Thus, 1-D theory will be used as
the basis for this study.
Two methods for the definition of the control motion will be
discussed here. In the first, the control motion is defined
at the free surface, and then by means of 1-dimensional wave
theory the motion is resolved at the foundation of the struc-
ture. The second method to be discussed, which was proposed
by Whitman (io), recommends that the control motion be applied
directly under the foundation. In this method, the support
and control motions become equivalent. Though this method is
conservative, it is attractive in its simplicity and economy
of computation time.
Chapter 1 will review past work conducted and summarize meth-
ods for analyzing foundation motion of embedded structures.
Chapter 2 will investigate by means of parametric studies the
applicability of 1-dimensional wave propagation theory to the
analysis of foundation motion, and simple rules will be de-
rived for its application to embedded structures. Of partic-
ular interest in this chapter will be the motion of a massless
foundation. Then using realistic models, chapter 3 will in-
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vestigate the accuracy of the approximate rules derived from
chapter 2, and secondly, investigate the effect of the flex-
ibility of the structure's foundation on the structural re-
sponse. This will permit an assesment of the applicability of
the 3-step solution (the spring method) which is based on the
assumption of a perfectly rigid foundation. Finally, chapter
4 will discuss conclusions and recommendations from the study.
1.3- Methods of Analysis of Soil-Structure Interaction Effect:
Two equivalent methods to predict the dynamic soil-structure
effect are:
a. A complete solution in which soil and structure are
modeled together (usually with finite elements and
linear members) and solved for the prescribed motion.
As mentioned earlier, this is a very expensive method
of solution since the dynamic equations for the soil
and the structure are solved in one step.
b. A 3-step solution (spring method) (5) in which the
analysis is conducted on the three phases mentioned
in the introductory considerations. The three steps
are as follows:
1. The motion that would occur at the level of the
foundation without the structure having mass
is first determined. In the case of surface
structures, the control and support motions are
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equivalent, and therefore this step may be by-
passed. The motion is in the form of a hori-
zontal translation (provided, of course, that
1-D wave propagation theory is being used).
When the structure is embedded there will be a
rotational as well as a translational motion.
The determination of these two motion compo-
nents is as costly and. complicated as the di-
rect solution for soil and structure. It is
here that we see the impetus for chapter 2 of
this study, in which simple rules will be de-
rived to estimate the motion at the massless
foundation, from the motion occurring in the
free field.
2. Frequency dependent compliances or stiffnesses
for the massless foundation are computed. Ex-
tensive theoretical and numerical solutions
are available for several cases.
3. A dynamic analysis of the structure is per-
formed in the frequency domain, with the stiff-
nesses from step 2 modeling the soil, and the
foundation motion from step 1 representing the
seismic excitation. This was referred to in
the introduction as the "support" motion.
The mathematical justification for this solution scheme can
16
be seen from the general equation of motion for the entire
soil-structure system. The equation can be described in ma-
trix form by:
o 0
rMU+CY+K-Y= (1)
where: Y= Vector of relative displacements
U= Vector of absolute accelerations
W*  .of
Y=U-Ug
Ug = Generalized ground acceleration vector.
Now, imposing the fundamental superposition theorem, (linear
solution implied) equation (1) can be expressed as the sum of
two other equations:
MU+CY ,+KY=0 (2)
MY+CY+KY=-MU (3)
where: U=Y+Ug
U=U+Y
Y=Y+Y
M= Mass of system excluding mass of structure
M= Mass of structure
Equation (2) describes the motion of a massless structure sub-
jected to a prescribed ground motion. This corresponds to
step 1 of the analysis. If one assumes that the structure is
very rigid (a good assumption in the case of a nuclear con-
tainment), it will move essentially as a rigid body, and its
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motion can be described in terms of two components. These are
the translation and rotation of the foundation. Thus, with
the assumption of rigidity of the containment, no structure
needs to be incorporated in this step of the analysis, and a
massless rigid foundation is used. Equation (3) describes the
motion of the structure due to nodal inertial loads applied to
it.
To further clarify the method of solution a schematic repre-
sentation can be made:
-pl
-A
Schematic Representation of "Spring Method"
Figure 1-1
It is important to note that by performing the analysis to de-
termine the motion at the massless foundation, given the con-
trol motion at some other locale in the soil stratum, the
spring method implicitly assumes that the structural founda-
tion is sufficiently rigid that the two components of motion
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(translation and rotation) suffice to describe the motion. In
chapter 3 this assumption will be tested.
Since in this study 1-dimensional wave theory will be investi-
gated as a means for calculating the foundation motion for an
embedded structure, a description of 1-D theory would be bene-
ficial.
One-dimensional wave theory is well understood (6), and thus
only a brief description is needed. 1-D motion is thought to
occur in the free field, far away from the structure, where it
is not affected by the structure's motion. Thus it is the mo-
tion of the soil without the structure. The assumption is
made that all seismic waves propagate vertically through the
soil strata in the form of shear and pressure waves. This
assumption is made due to the following:
1. Wave velocity generally decreases from the earth's
interior toward its surface, and thus, due to suc-
cesive refraction, the stress waves will be almost
vertical when they reach the surface.
2. Waves propagating with a shallow inclination in the
firm ground, upon hitting the soil stratum will be
refracted to a nearly vertical path by Snell's law
of refraction.
The differential equation of motion for a one-layered system
19
is: 4)
where: f = Mass density per unit volume
G= Shear modulus
?= Coefficient of viscosity
f(t)= External force per unit volume
If one defines the forcing function as a displacement at bed-
rock such that %/t z is harmonic, say Csinat, the solution
will have two types of terms:
The first is a series of terms with frequency ., the na-
tural frequency of the soil layer, and with coefficients
depending on the initial conditions. This is known as
the free vibration portion.
The second term of the solution containsJ2 , the fre-
quency of the imposed base displacement, and is known as
the forced vibration portion of the solution.
If the system has damping, the free vibration portion decays
exponentially with time and is referred to as transient. The
forced vibration has constant coefficients and is referred to
as the steady-state solution.
20
C'1'
Coordinate System for Free Field
Figure 1-2
The steady-state response for equation 4 will be of the form:
y=u(x)e'
Substituting into equation 4, the following results are ob-
tained :
ciL e1 U Ce -ce
or,
Calling:
P ' I
and imposing the boundary conditions:
U(H)=O , U(H)=0
one obtains the ratio between the absolute acceleration at the
top of the layer to the absolute acceleration of the base.
This ratio, termed the amplification of the soil stratum is:
where p is a complex number for the general case of a damped
system.
Alternatively calling:
(9)
The amplification can be expressed as:
I (10)
For small values of 22L:
I
- cos +o 5in?(3 (11)
If there is no viscosity:
IA(nl cos f (12)
and thus for cos)=0 the amplification will be infinite. This
corresponds to a frequency 2 of:
= 2 --1)1 (13)
which are the natural frequencies of the layer.
If one extends the theory to multiple layers, each with dif-
ferent properties, such that:
22
i 5i + 2(14)
and writing the displacements as:
u j e Fe (15)
one can express the amplification (or deamplification) between
any two layers.
0 X
Layered Stratum
Figure 1-3
The solution is obtained by imposing continuity of displace-
ment and stresses at the layer interfaces, as well as the con-
ditions of zero stress at the free surface and prescribed dis-
placement at bedrock. This procedure results in expressions
of the form:
E + =aE (16)
F.++ =bF
and therefore, the amplification between bedrock and the free
surface can be expressed as:
A(6a) L- t - ...;Q ni-I En t nF,, a +, ( 17))
23
Though the continuous solution outlined above is straight for-
ward, a discrete technique is required with the use of finite
elements in order to satisfy consistency requirements. This
insures that an earthquake motion filtered through a stratum
modeled with finite elements and appropriate boundary condi-
tions will produce the same motions at the various layer in-
terfaces, and in particular at the free surfaces as the 1-di-
mensional discrete theory. The technique is straight forward
and will be omitted here.
1.4- Program Used for Analysis:
The finite element program used for this study was developed
by Kausel (4), and will be referred to as TRIAX. It is a 3
dimensional finite element program for axisymmetric structures
where both the soil and the structure are modeled with isopar-
ametric toroidal quadrilateral finite elements having 3 de-
grees of freedom per nodal ring. The dynamic equations are
solved in the frequency domain, using Fourier transformation
techniques.
A fundamental feature of this program is the exact representa-
tion of the model boundary, which separates the finite element
region from the semi-infinite continuum (free field). This
energy transmitting boundary, which was developed for the
plane strain case by Waas and Lysmer (8), and extended to the
3-D case by Kausel, is equivalent to a virtual extension of
the finite element mesh to infinity. Thus a significant re-
duction in the number of elements is achieved, since the exact
boundary conditions are solved, allowing for the boundary to
be placed very close to the structure. In addition, an accu-
rate model of the radiation damping is achieved, avoiding the
so-called "box effect".
1.5- Past Work:
Extensive work has been done on the use of 1-dimensional wave
theory for the analysis of layered media. Whitman and Boesset
(6) have presented a complete and thorough treatment of 1-D
amplification theory. Good agreement between measured and
predicted motions by means of 1-D amplification were obtained
by Seed and Idriss (7). In addition there exist numerous cases
of measured soil amplification such as Duke (2), Donovan
and Mathesen (3), and Wiggins (9), among others. In all of
these studies, the purpose for the use of 1-D theory is to de-
rive the support motion for structures with little or no em-
bedment.
Very little literature exists, however, for the use of 1-D
theory for predicting the support motion of embedded struc-
tures. The presence of an embedded footing alters fundamen-
tally the motions that occur in the vicinity of the foundation
(even if this foundation has no mass), and thus the support
motion can no longer be described by 1-D theory alone. Docu-
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mentation of this exists by Kausel (4) using a massless foun-
dation. In this study, he found good agreement between the
3-D and 1-D motions up to the first natural frequency of the
embedment region, but a marked divergence in the higher fre-
quency range. In addition, Chang-Liang (1) found that 1-D mo-
tion overestimates the response in the low frequency range,
until past the fundamental frequency, and under estimates the
response in the high frequency range.
It will be shown, never-the-less, that useful approximations
can indeed be made on the basis of simplified 1-dimensional
models.
2- Parametric Studies
In this section, the relationship between the motion at a
buried massless, rigid foundation and the motion in the free
field at the foundation level will be studied. Rules will be
derived for predicting the foundation motion (to be used as
support motion in the 3-step procedure) for different embed-
ment ratios, given the control motion in the free field.
2.1- Model:
Since the primary concern of this study is seismic motion as
it relates to nuclear containment structures, the foundation
is modeled as rigid circular plate, with rigid sidewalls. To
achieve the desired properties, the plate and walls are formu-
lated by a series of massless finite elements, with stiffness
1,000 times greater than that of the underlying soil. The ra-
dius of the plate is taken as unity and a plate thickness of
0.1 is employed.
The underlying homogeneous stratum is modeled by a series of
finite elements, with the mass-density and shear wave velocity
taken as unity and internal damping taken as 5% throughout the
stratum. Obviously, this is a highly idealistic state, since
soils are generally nonhomogeneous and layered.
The solution of the 3-D foundation motion is obtained using
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TRIAX, which employs a consistent energy transmitting boundary
to model the far field. The motion in the free field is pre-
dicted by means of 1-dimensional wave propagation theory, as
discussed earlier. (See figure 2-1).
_- ___FREE FIELD
-I-D
THEORY
_- H
FINITE ELEMENT ENERGY ABSORBING
REGION BOUNDARY
Discretized Foundation Model
Figure 2-1
During a seismic excitation, an embedded massless structure
will experience two plane symmetric displacement modes. The
first is a translational motion which contributes the major
portion of the excitation to the structure. Under a transla-
tional motion, a structure will experience both a swaying re-
sponse and a rocking motion caused by the inertial forces on
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the structure. The second type of motion experience by the
foundation will be a rotational motion, caused by the shearing
stresses developed along the wall-soil interface. These
shearing stresses result from the differential horizontal
translation of the soil in the embedment region, producing a
"pseudo" rotation of the soil. The structure on the other
hand being rigid, cannot deform in this manner, and thus will
rotate. This rotation is mainly resisted by the subgrade
stiffness acting on the mat, and to a smaller extent by the
sidewalls.
Seven different embedment ratios were studied, covering a
range of values encountered in nuclear reactors:
1) E/R=0.5, H/R = 1.5
2) =0.5, =2.0
3) =0.5, =2.5
4) =1.0, =1.5
5) =1.0, =2.0
6) =1.0, =2.5
7) =1.5, =2.0
A unit harmonic displacement is placed at the free surface and
deconvolved to bedrock, modeling the seismic excitation.
Using TRIAX, frequency dependent transfer functions for the
displacements are determined at the mat-soil interface (see
figure 2-2, points A & B) and at the top of the sidewalls
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(point C). Similarly, frequency dependent transfer functions
are determined in the free field at the foundation level for
a unit displacement at the free surface (points F & G, respec-
tively), using 1-D theory.
/ 
/
/
Points of Measurement on Foundation and Free Field
Figure 2-2
Since the mat and the sidewalls are very rigid compared to
the soil, and the structure is axisymmetric, the rotation of
the foundation is defined as:
V 
___-Ul (18)
and the horizontal motion u is defined at point A. In the
free field, the horizontal motion is determined at the foun-
dation level (u.), and then compared with the horizontal mo-
tion at the foundation. The free field rotation or "pseudo"
rotation can be defined in two possible manners. The first
is simply proportional to the horizontal displacement of the
soil at the free surface minus the soil displacement at the
foundation level:
30
0__ __ (19)E
A second method is to take the weighted mean of the "pseudo"
rotations of the individual soil layers throughout the embed-
ment region. Using this method the rotation takes the form
of:
E +
Where: N= Number of layer interfaces in embedment region
n= Number of layers in embedment region
ui= Horizontal translation of i'th layer interface
'= Average horizontal translation of embedment region
E= Depth of embedment region
Preliminary studies showed that the first option gave better
results, and in addition is much simpler to use. Thus it will
be used as a basis for comparison with the "actual" 3-D rota-
tion of the foundation.
2.2- Comparison of Translational Motions:
Figures 2-3 through 2-9 compare the absolute values of the
transfer functions for the translational motion of the foun-
dation (3-D model) with the horizontal motion of the soil in
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the free field at the foundation level (1-D model). The free
field motion depicts the 1-D transfer functions with minima
occuring at the natural frequencies of the soil column above
the foundation level:
S 4E C
and maxima at
The 3-D foundation motion follows very closely the 1-D motion
up to roughly .75 of the first natural frequency of the em-
bedment region. After that point the 3-D solution oscillates
with moderately small amplitudes, while the 1-D motion dis-
plays a sinusoidal nature. Because of this, the 1-D motion
severely underestimates the response in the region of the na-
tural frequencies of the embedment region (f.), while severe-
ly overestimating the response in the intervals between the
natural frequencies. Notice, however, if one follows the 1-D
motion to .7 of the first natural frequency of the embedment
region and then keeps the transfer functions constant after
that point, one arrives at what appears to be a good estimate
of the actual 3-D motion. While the procedure is arbitrary
and there is no theoretical justification for the 0.7 factor,
the effect is to partially consider the deamplification due to
embedment but not to the extreme predicted by the 1-D curve.
Notice that the classic method in which support motion and
free field surface motion are equated is a particular case of
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the procedure described above. In this case the arbitrary
factor is taken as 0.0, instead of 0.7, and the transfer func-
tions have a constant value given by the ordinate at zero fre-
quency, that is, 1.
In addition, the above criteria satisfies the particular case
of no embedment, where the natural frequency of the embedment
region is infinite. In this case the transfer functions again
have a constant value of 1.
In chapter 3 the comparison will be made in terms of time his-
tories and amplified response spectra, in addition to transfer
functions, which will enable a better assesment of the pro-
posed method.
2.3- Comparison of Rotational Motions:
The rotational motion induced by the embedment of the struc-
ture shows a very good correlation between the 1-D and 3-D
motions up to a multiplicative constant. This suggests the
use of an empiric correlation between the two types of motion
of the form:
where:
O = Rotation of foundation (3-D) (Equation 18)
1. = "Pseudo" rotation in the free field (l-D)
(Equation 19)
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o(= Scale factor dependent on E/R ratio
3 = Scale factor dependent of H/R ratio
Plotting the multiplicative constants for each of the seven
cases vs. E/R and H/R, an equation correlating the two types
of motion can be derived.
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As can be seen from figures 2-10 and 2-11, the correlation is
much more sensitive to variations in embedment depth than
change in stratum thickness. This agrees with theory since
the rotational motion is induced by the shearing stresses a-
long the sidewalls, and thus directly proportional to the con-
tact area. The stratum thickness will have a secondary role,
affecting the foundation stiffnesses (rocking and swaying
"springs") and thus, indirectly, the rotational motion.
The numerical correlation between the rotational motions for
a rigid structure embedded in a homogeneous stratum may then
be expressed as follows:
0 (f)=((.257*(E/E))*(.037*(H/R)+.926))*, (P)
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where 0, and A,are frequency dependent transfer functions.
For most practical embedment depths, however, the factor
which depends on H/R can be set equal to 1 without loss of
accuracy (equation 21). This expression has the advantage
that it can be used for cases where the stratum approaches
the half-space condition, as well as for shallow stratums.
,,(f )=0.257*(E/R ) *-,(D(O) (21)
Figures 2-12 through 2-18 compare the free field "pseudo" ro-
tational motion with the 3-D foundation rotational motion for
different embedments after the application of the scale fac-
tor given by equation 21. The agreement in the low frequency
range in all cases is very good, with only minor variations
between the two transfer functions. In the higher frequency
range, as was the case with the translational motion there
is some discrepancy in the two types of motion, while the
trends remain similar.
Since this rotational component contributes little to the to-
tal motion of the structure (most of the rocking motion in the
structure is induced by the translational component and the
inertia in the structure), a divergence of 20% between the
transfer functions under discussion will produce only minor
variations in the response spectra. Thus the correlation is
expected to be good.
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2.4- Correlation for a Layered Media:
Up to this point, the results obtained are for a uniform stra-
tum, where it is assumed that the shear wave velocity remains
constant with depth. Since in a realistic case the soil be-
comes stiffer with depth, it is of interest to investigate
what effect this has on the previous discussion.
The model chosen represents a realistic distribution of shear
wave velocity. All other parameters, however, remain the same
as before.
0.5
Stratum With Variable Shear Wave Velocity
Figure 2-19
The correlation between the horizontal translation at the
foundation and in the free field (Figure 2-20) shows very sim-
ilar trends to those obtained for the uniform stratum case.
Again we see a very good agreement between the frequency con-
tent of the transfer functions up to close to the first na-
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tural frequency of the embedment region. After that point the
motions diverge, but again the .7 factor gives a good estimate
of the motion.
The rotational motion, as can be seen from figure 2-21, also
agrees well with the previous correlations, although it is
somewhat more conservative. This is due in large part to the
fact that the embedment region is weaker than in the previous
cases, and thus, as will be shown later, the foundation ro-
tates less. As in previous cases the 1-D motion has been
scaled by the value computed from equation 21. Thus it can be
concluded that layering does not affect the results of this
study significantly.
2.5- Effect of Flexible Sidewalls
In this section the effect of introducing flexible sidewalls
into the model will be studied. The properties chosen for the
sidewalls are proportional to the actual concrete properties,
and are as follows:
Concrete: Cs= 8,000 ft/sec.
X= 150.00 lb/ft.
Soil: Cs= 1,000 ft/sec.
(= 120.00 lb/ft.
This yields the nondimensional shear modulus for the concrete
of 80.00 for a unit shear modulus in the soil. The mat was
assumed rigid as before, in order to be able to define a
translation and rotation.
Figure 2-22 compares the translational motion at the founda-
tion due to a unit sinusoidal displacement at the free surface
for two identical 3-D models, except for the rigidity of the
sidewalls. The comparison bears out the intuitive prediction
that the rigidity of the sidewalls has practically no effect
on the translational motion at the foundation.
The rotational motion, however, is considerably affected by
the flexibility of the sidewalls. Since the rotational motion
of the foundation results from the differential lateral soil
displacement of the embedment region acting on the structure,
we would expect the rotational motion to decrease for decreas-
ing rigidity of the sidewalls. For a structure with perfectly
rigid sidewalls, the differential motion will be totally taken
up by the rotation of the foundation. On the other hand, a
structure with flexible sidewalls will respond to the differ-
ential lateral motion partially in flexure and shear distor-
tion of the sidewalls, and partially by rotation of the foun-
dation.
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As can be seen from figure 2-23, the rotation decreases 23%
with the introduction of flexible sidewalls. Thus an adjust-
ment to equation 21 must be made to account for the flexibil-
ity. Further research is needed, beyond the scope of this
study, to fully be able to asses this factor. The effect of
reducing the stiffness of the sidewalls on the rotation of the
foundation should be similar to the effect of decreasing the
soil properties of the embedment region (disturbance of the
backfill). Both will decrease the rotation of the foundation.
Notice that for the extreme case of no sidewalls at all, the
phase angle is almost 180 degrees out of phase from the case
of perfectly rigid sidewalls (figures 2-25 and 2-26). The
reason for this, though there are a variety of counteracting
stress fields in the neighborhood of the foundation, appears
to be the following:
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In figure 2-27a the case of the rigid sidewalls can be divi-
ded into two steps: In the first, assume there are hinges
at the mat-wall connection and thus the mat does not rotate.
In the second step moments are applied to the sidewalls and
mat in order to satisfy the condition of rigidity of the
connection, resulting in a clockwise rotation of the founda-
tion.
In figure 2-27b, the case of no sidewalls can be divided into
three steps. In the first step, the plate with soil on top
of it is subjected to a rock motion, producing only a trans-
lational motion. In step 2 the fill is removed and replaced
by equivalent stresses to satisfy equilibrium. Again the
plate does not rotate. Finally, in step 3, to simulate no la-
teral walls the fictitious forces in step 2 must be reduced
to zero. This is achieved by applying equal and opposite for-
ces to those in step 2. These new forces produce a counter-
clockwise rotation of the plate. Thus, superimposing steps
2 and 3 the following results are obtained:
i) Zero lateral wall stresses.
ii) A counter-clockwise rotation of the plate.
The case of flexible sidewalls represents an intermediate
state between these two extreme conditions, and therefore the
rotation should be small.
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3- Study of Full Scale Model
Using the approximate methods derived in chapter 2, this chap-
ter will determine their accuracy by studying the response of
a realistic structure subjected to support motions derived
from 1-D and 3-D models. In addition, an assesment will be
made on the importance of the rotational component of founda-
tion motion by studying the response of a structure subjected
only to the translational component of foundation motion.
Finally, the assumption that the mat of a nuclear containment
can be modeled as an infinitely rigid plate, as required for
the 3-step solution, will be evaluated.
Throughout this chapter the 1-D foundation motion shall refer
to the 1-D motion which has been modified by the rules derived
in chapter 2.
3.1- Model:
The physical properties and dimensions used for the full scale
model are described in figure 3-1. The relevant ratios are:
E/R = 0.815
H/R = 1.704
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Full Scale Model
Figure 3-1
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An 8% linear histeretic damping is assumed throughout the soil
stratum.
The soil and foundation are discretized by layers and finite
elements (linear expansion), while the structure is modeled
by a series of lumped masses. Since the response of the
structure is to be used only as a method of comparison of the
two definitions of support motion, the loss of accuracy in-
curred by modeling the structure as a series of lumped masses
does not affect the results.
The steps in the analysis are as follows:
1. The response of the 3-D massless foundation is computed
with the control motion at the free surface in the free
field (kinematic step). The resulting motion is in the
form of a rotation and a translation. In addition, the
1-D motion in the free field is computed and modified
as described in chapter 2. The translation of the
foundation is defined at the center line of the mat and
at the mat-soil interface. Since the foundation is as-
sumed very rigid, the rotation is defined as the ver-
tical displacement of the end of the mat divided by the
mat radius. As in the parametric studies of chapter 2,
the 1-D free field translation is defined at the foun-
dation level and the pseudo rotation proportional to
the free surface translation minus the foundation level
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translation (equation 19).
2. Frequency-dependent stiffnesses for the massless
foundation are computed using a 3-D finite element
model.
3. Using the computed foundation motions and stiffnesses,
the response of the structure is computed (dynamic
step).
3.2- Massless Foundation Motion:
The comparison of the 1-D and 3-D foundation motions are in
the form of transfer functions, frequency spectrum, time his-
tories and amplified response spectra.
Figure 3-2 compares the transfer functions for translation at
the massless foundation for the 3-D and 1-D motions. The two
curves follow very closely up to approximately 0.7 of the
first natural frequency of the embedment region. After that
point, the 3-D motion oscillates about the constant line de-
fined for the 1-D motion with fairly small amplitude sugges-
ting that the 1-D approximation as defined in chapter 2 will
be good. In the case of the rotational motion at the massless
foundation, we see from figure 3-3 that the 1-D motion predic-
ted by equation 21 is considerably more conservative than the
actual 3-D motion. The reason for this lies in the weaker
backfill of the embedment region, which cannot be easily mo-
deled into the 1-D equation. However, the trends of the two
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curves are very similar, suggesting that with further research
an additional multiplicative factor could be introduced to
account for this effect.
The good correlation between the 1-D and 3-D translation is
further demonstrated if one compares the frequency spectrum
of the two motions (figures 3-4 and 3-5). In the low fre-
quency range the 1-D motion is slightly more conservative.
However, notice that the maxima for the two types of motion
are almost identical, occuring at the same frequency. In the
high frequency range the frequency content of the 1-D and 3-D
motions are for all intents and purposes identical, suggesting
that the response of the structure using the approximate 1-D
support motion will be in good agreement with the response of
the structure using the true 3-D motion.
In the case of the rotational component for the massless foun-
dation, the conservatism predicted by the transfer functions
is again reflected in the frequency spectrum of the motion
(figures 3-6 and 3-7). Even though the actual values are some
50% of the 1-D motion, the relative content between each of
the frequencies is almost identical for the two motions, again
suggesting that with the addition of a multiplicative constant
to correct for weak lateral soil, the correlation should be
good.
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The comments pertaining to the transfer functions and fre-
quency spectrum are further reinforced by the time histories
and response spectra of the two motions (figures 3-8 through
3-11). Notice in particular the response spectra for trans-
lation of the massless foundation for the 1-D and 3-D models.
For the 1-D translation, the values in the range of the lower
periods follow very closely that of the 3-D motion, producing
a marked improvement over the pure 1-D response spectrum (no
straight line approximation beyond the .7f, factor - figure
3-12), where there is a considerable deamplification in the
vicinity of period 0.3 seconds. (The natural period of the
soil column in the free field, above the foundation level.)
It is of interest to note the effect that embedment has on the
deamplification of motion. A comparison of figure A-1 (appen-
dix) and figure 3-8 shows a deamplification for the transla-
tional motion from a maximum acceleration of 0.125 g to 0.075
g's, representing a reduction of 40%. Thus, if one neglects
the deamplification due to embedment, i.e. making the control
motion and support motion equivalent, we would expect a con-
conservatism in the response of the structure in the order of
40%.
3.3- Structure's Response:
Though the comparison of the foundation motions is a good in-
dication of the applicability of the 1-D model, the true test
lies in the comparison of the response of the structure sub-
jected to the two support motions.
The lumped mass model used for this study consists of two
spring-connected lumped mass systems. The first, modeling
the external containment structure, consists of eight masses,
while the second "lollypop", modeling the internal structure
(reactor pressure vessel, pedestal and crane wall), consists
of five masses. There is one common mass, which is the mat.
The total weight of the structure is approximately 3500 Kip-
Slugs.
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To test the accuracy of the rules derived in chapter 2, the
two motion components obtained from the massless foundation
are applied as support motion to the lumped mass model. Fre-
quency dependent soil stiffnesses derived from the 3-D case
are used for all studies. Three points of comparison are tak-
en: at the top of the mat, at the top of the containment
structure, and at the top of the internal structure. The com-
parisons are in the form of time histories of acceleration and
response spectra.
Figures 3-14 through 3-17 depict the time histories and re-
sponse spectra at the top of the mat for the 1-D and 3-D sup-
port motions. For both the time history and response spectrum
the structure subjected to the 1-D support motion has a re-
sponse some 10% higher than the 3-D counterpart. In the case
of the response spectra, the two responses follow very closely
up to a period of roughly 0.4 sec., after which point the 1-D
diverges slightly to the conservative side. Notice, however,
that the trends remain very similar for the two motions past
the 0.4 sec. period point. The same trends are encountered in
the comparison of the response at the top of the containment
and at the top of the internal structure (figures 3-18 through
3-23). In both cases the comparison of the response of the
structure subjected to the 1-D and 3-D support motions are
good up to a period of roughly 0.4 sec., after which point the
motions diverge somewhat, but with similar trends.
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It will be shown later that the primary reason why the 1-D
support motion produces a somewhat higher response in the
structure after period 0.4 seconds is the conservatism intro-
duced by the rotational component of support motion. This
conservatism, which affects the response in the vicinity of
2-3 c.p.s. contributes roughly 50% of the conservatism. Thus,
if the rotational component of support motion could be im-
proved, the improvement in the total response of the structure
would be significant.
The remaining portion of the conservatism in the response of
the structure results from the translational component of sup-
port motion. As stated earlier, the conservatism is confined
to the lower frequency range, predominately in the vicinity of
2 c.p.s.
The question may be asked: Is 10 or 15% too conservative a
value to be used in the design of a nuclear structure? Clear-
ly, since the trends of the two motions are very similar, and
given the uncertainties of the local soil conditions, the na-
ture of the earthquake motion and the countless other variables
which enter into a seismic analysis, a conservatism of 10 or
15% is very reasonable. This is further reinforced by the
fact that up to only recently, the deamplification effect due
to embedment in the kinematic phase was totally neglected in
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connection with the half space spring method, and thus derived
responses were at times 100% more conservative than those pre-
dicted by the 3-D embedded model. The method proposed here,
while not requiring finite element techniques for its appli-
cation, predicts results which are very close to those of the
complete solution, and thus a useful tool for design purposes.
Therefore, it can be concluded from this study that the 1-D
foundation motion will produce a somewhat more conservative
response in the structure, with the conservatism generally ly-
ing in the low frequency (high period) range, while the higher
frequencies are reproduced very well. In the entire frequency
range, the trends of the two motions are very similar, as evi-
denced by the response spectra.
3.3- Effect of Neglecting Rotational Component of Foundation
Motion:
Using the model previously discussed, it is of interest to in-
vestigate the importance of the rotational component of foun-
dation support motion on the total response of the structure.
To this end, the lumped mass model is excited by only the
translational 3-D component of foundation motion, with the re-
sponse computed at the top of the containment and at the top
of the internal structure.
A comparison of figures 3-20 and 3-24 reveals that at the top
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of the containment the peak of the response spectra is re-
duced some 16% by neglecting the rotational component of sup-
port motion. As can be observed, the reduction occurs primar-
ily over the frequency range of 2 to 4 c.p.s., with the very
high and low frequencies generally unaffected. Notice, how-
ever, that throughout the entire frequency range, the trenes
of the two curves are very similar.
Much the same trends are exhibited in the comparison of the
internal structure (figures 3-22 and 3-25). The peak response
is reduced some 15% from the response of the structure sub-
jected to both motion components. However, the range of rel-
ative significance is reduced to a band of roughly 2-3 c.p.s.,
as opposed to 2-4 c.p.s. for the containment structure.
In order to evaluate the contribution of each of the 1-D com-
ponents of support motion to the total response of the struc-
ture, the lumped mass model is now excited by the 1-D trans-
lational component of support motion.
Figure 3-26 depicts the response of the top of the containment
subjected to the 1-D translational support motion. When com-
pared to the response of the containment subjected to the 3-D
translational support motion (figure 3-24) the correlation be-
tween the responses is considerably better than the response
with both support motion components. Thus, even though con-
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tributing only 15% to the total motion, the rotational com-
ponent contributes greatly to the discrepancy in the response
of the structure subjected to the 1-D and 3-D support motions.
It has been suggested that the rotational component of support
motion be totally neglected in the analysis of a containment.
In terms of absolute numbers, the resulting reduction in the
response of the structure seems significant, especially since
the reduction produces an unconservatism. However, in terms
of the uncertainties introduced when performing a seismic a-
nalysis, the reduction may be insignificant. Therefore, one
must weigh the 16% reduction in response with the relative
certainty of the other imput parameters in order to make an
accurate assesment of its importance.
3.4- Effect of Mat Flexibility:
As stated earlier, an essential assumption for the use of the
3-step solution method is that the mat of the containment can
be modeled as an infinitely rigid plate. Thus it is of inter-
est to investigate the difference in the response of a struc-
ture modeled with an infinitely rigid mat, and a structure
with a mat flexibility proportional to concrete.
To make this comparison, the structure discussed in this chap-
ter is modeled with both a flexible and a rigid mat. The con-
trol motion is applied in the form of inertial forces on the
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structure modeled with finite elements (Whitman's Method), by-
passing the kinematic step as discussed in chapter 1.
Two points of comparison are used: at the top of the mat, and
at the top of the containment structure. As is evidenced by
figures 3-26 through 3-29, the difference in the response of
the two structures is neglegible. At both the top of the con-
tainment and top of the mat, the maximum response for the flex-
ible and rigid mat structure are almost equal, occuring at the
same frequency. Throughout the entire frequency range, with
one notable exception, the values of the responses are almost
identical for the two structures. The one exception occurs in
the vicinity of 5 c.p.s., which is roughly the natural fre-
quency of the containment structure, where the response of the
structure with a rigid mat is noticeably greater than that of
a flexible mat. However, this difference in response is over
a very small band of frequencies and thus should not be sig-
nificant.
It can therefore be concluded that the mat of the containment
structure can be modeled as an infinitely rigid plate without
great loss of accuracy.
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4- Summary and Recommendations:
Rules for the use of 1-dimensional wave theory to determine
the motion that occurs at the foundation of a circular embed-
ded foundation are presented here. Factors are derived to
account for the embedment depth and stratum thickness which
modify both the translational and rotational components of
support motion.
The recommended steps to determine the motion that occurs at
the foundation of a circular embedded foundation (support mo-
tion) given the control motion at the free surface in the free
field is as follows: Using 1-dimensional wave theory, deter-
mine the translational motion that occurs at the level of the
foundation in the free field. From this the translational
component of support motion can be computed by using the
transfer functions of the motion in the free field at the
foundation level up to a frequency of .7 of the first natural
frequency of the embedment region. After that point the value
of the transfer functions remain constant, with a value cor-
responding to that occuring at .7f. The rotational component
of support motion is determined by computing the "pseudo" ro-
tational motion in the free field (equation 19), and then ap-
plying the corrective factor to account for embedment depth
(equation 21).
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Using a realistic model, a comparison is made of the response
of a structure using the above recommended procedure and the
response of the same structure using finite elements to deter-
mine the support motion. The agreement in the responses is
shown to be very good, especially in the high frequency range
where the motion is reproduced almost exactly. In the low
frequency range, the suggested procedure produces a somewhat
higher response than the 3-D finite element response, primar-
ily due to an overestimation of the rotational component of
support motion. The trends of the two responses, however, are
still very similar.
It is shown that the properties of the backfill and sidewalls
have little effect on the translational component of support
motion, but greatly influence the rotational component. A
decrease in the strength of either the backfill or sidewalls
will result in a decrease of the rotational motion.
For the particular model studied, the rotational component of
support motion contributes roughly 15% to the total response
at the top of the containment structure. The zone of primary
influence is in the vicinity of 2 to 4 c.p.s., with the very
high and very low frequencies depending almost exclusively on
the translational component.
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Finally, the assumption that the mat of the containment can
be modeled as an infinitely rigid plate, an essential assump-
tion for the 3-step solution, is shown to be accurate enough
for design purposes.
It is recommended that further tests be conducted for a va-
riety of physical and geometric conditions, to be able to
fully assess the accuracy of the recommended procedure. In
particular, a study into the relationship between backfill
properties and rotational component of support motion is need-
ed for a more general and accurate reproduction of that com-
ponent.
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